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 A Lattice-theoretical Characterization of Oriented Matroids
 W . H OCHSTA ¨  TTLER
 If  3  is the big face lattice of the covectors of an oriented matroid , it is well known that the
 zero map is a cover-preserving , order-reversing surjection onto the geometric lattice of the
 underlying (unoriented) matroid . In this paper we give a (necessary and) suf ficient condition
 for such maps to come from the face lattice of an oriented matroid .
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 1 .  I NTRODUCTION
 Combinatorial geometries or matroids were considered as systems of points , lines or
 higher dimensional flats and their incidences for the first time in [14] . In oriented
 combinatorial geometry the property ‘is not on’ is replaced by ‘is to the left or to the
 right of’ . A geometric lattice is an unoriented incidence system corresponding to a
 simple matroid . The natural counterpart to a geometric lattice on the oriented side is
 the face lattice of an oriented matroid . Oriented matroids—introduced in the late
 1970s independently in [5] and [8]—are a generalization of the cell complexes induced
 by hyperplane arrangements in Euclidean space . To be more precise , oriented matroids
 are in one-to-one correspondence to arrangements of pseudo hyperspheres , which can
 be thought of as ‘broken-hyperplane arrangements in oriented projective space’ [8 ,  12] .
 These hyperspheres induce a regular cell decomposition of the sphere . The face lattice
 consists of its cells ordered by inclusion in the closure .
 Geometric lattices admit a (short) characterization in terms of equations . Searching
 for such a characterization for oriented matroid lattices might be expecting too much ,
 since this would provide an—at least partial—solution to the ‘Steinitz Problem’ of
 giving a characterization of the face lattice of a polyhedron .
 Therefore , instead , we make use of the connection between an oriented geometry
 and the geometric lattice of its unoriented counterpart . Given a hyperplane arrange-
 ment , we consider the underlying unoriented geometry given by linear dependency of
 the corresponding linear forms in dual space and map each cell of the induced complex
 to the subspace of highest dimension in dual space containing it . This gives rise to a
 cover-preserving , order-reversing surjection onto the geometric lattice of the underly-
 ing unoriented matroid structure—the zero map . The natural question arises as to
 whether this map can be used to give a characterization of oriented matroid lattices . In
 other words , given a map from certain lattices to a geometric lattice , when is the
 domain of this map an oriented matroid lattice? We give an af firmative answer to this
 question proving that—essentially—conditions for the one- and two-dimensional
 minors along with a symmetry condition are suf ficient .
 We assume that the reader is familiar with basic facts and notions in matroid , lattice
 and graph theory , and with the connection between matroids and geometric lattices :
 standard references are [3] and [13] . For oriented matroid theory , we refer the reader
 to [2] for an introduction and to [4] for a more comprehensive treatment . We use
 standard notation compatible with [4] .
 The paper is organized as follows . In the next section we collect some basic facts
 from oriented matroid theory , and we introduce the axiom system considered in this
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 paper in Section 3 . In Section 4 we study the minors of that structure , and we prove the
 equivalence to the zero maps of oriented matroids in Section 5 . Finally , we discuss the
 complexity of our characterization and end with some remarks in the last sections .
 2 .  T HE Z ERO M AP OF AN O RIENTED M ATROID
 Let  *  5  h H e j e P E  be a finite collection of ( d  2  1)-dimensional subspaces in  d -
 dimensional Euclidean space  R d  indexed by a finite set  E .  Each hyperplane  H e  is the
 kernel of a linear form  h e  P  ( R
 d )* .  Linear dependency of the  h e  in the dual space ( R
 d )*
 defines a matroid on  E .
 On the other hand ,  *  defines a cell decomposition of  R d  into open polyhedral cones .
 If we orient the hyperplanes , meaning that we fix one of the two components of the
 complement of each hyperplane to be the positive side , we obtain a map  s  :  R d  5
 h 1 ,  2 ,  0 j E  assigning to each point its relative ( 1 ,  2 ,  0) co-ordinates on  E .  The open
 cones are exactly those sets which are preimages of single elements . The set of signed
 vectors derived this way form the set of covectors of an oriented matroid . In general ,
 oriented matroids are given by the following axioms (cf . [4 , 3 . 7 . 5 and 3 . 7 . 9]) .
 D EFINITION 1 .  A  signed  y  ector U  on a finite set  E  is a map  U  :  E  5  h 0 ,  1 ,  2 j .  Instead
 of  U ( e ) ,  we will write  U e . For two signed vectors  U  and  V  we denote by sep( U ,  V  ) the
 set  h e  P  E  3  U e  5  2 V e  ?  0 j .  The  composition U  +  V  of  U  and  V  is the signed vector  S
 satisfying  S e  : 5  U e  if  U e  ?  0 and  S e  : 5  V e  elsewhere . We say that  U conforms to V  and
 write  U  d  V  if , for all  e  P  E  :  U e  ?  V e  only if  U e  5  0 .
 An  oriented matroid  2  on a finite set  E  is a system of signed vectors satisfying :
 (1)  0  P  2  and  ( U  P  2  é  2 U  P  2 )  (symmetry)
 (2)  ; U ,  V  P  2  :  U  +  V  P  2  (completeness)
 (3)  ; U ,  V  P  2 ,  ; e  P  sep( U ,  V  )  ' Z  P  2 :
 ( Z e  5  0  and  ; g  ¸  sep( U ,  V  )  :  Z g  5  ( U  +  V  ) g )  (approximation  property)
 An oriented matroid  2  is  acyclic  if the vector  U  satisfying  ; e  P  E  :  U e  5  1 is a signed
 vector of  2 .
 As in our example , we have an underlying matroid under each oriented matroid .
 D EFINITION 2 .  Let  2  be an oriented matroid . Let  w :  2  5  2 E  denote the  zero map
 given by  w ( U )  5  h e  P  E  3  U e  5  0 j .
 P ROPOSITION 1 (cf . [4 ,  4 . 1 . 2 , 4 . 1 . 13]) .  Let  2  be an oriented matroid . Then :
 (1)  The set  2 ˆ  : 5  2  <  h ∂ 2 j  ordered by conformal relation and  ; U  P  2 :  U  d  ∂ 2  is a lattice .
 (2)  The set L  5  h w ( U )  3  U  P  2 j  is the collection of flats of a matroid .
 (3)  The map  w :  2  5  L is a co y  er - preser y  ing , order - re y  ersing surjection of  2  onto the
 geometric lattice L satisfying  w ( U  +  V  )  5  w ( U )  ∧  w ( V  ) .
 3 .  D EFINITIONS
 In the Introduction , we promised to give a condition that characterizes when a map
 from certain lattices to a geometric lattice is the zero map of an oriented matroid . In a
 first step we will make this ‘certain’ more precise and reduce the set of possible
 domains of our map to those lattices which do have at least basic properties of lattices
 corresponding to a cell decomposition of some space .
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 It was observed in [7] that the lattice  2 ˆ   of an oriented matroid  2  is a combinatorial
 manifold .
 D EFINITION 3 .  Let  3  be a finite partially ordered set . We say that  3  is  connected  if ,
 for any two elements  a ,  b  P  3 , there is a path in the Hasse diagram from  a  to  b . We say
 that  3  is  openly connected  if all open intervals ( x ,  y ) with at least two comparable
 elements are connected . If  I  5  [ x ,  y ] is an interval in a poset , the  length of I  is given by
 the number of elements in a maximum chain minus one .  3  has the  diamond property  if
 each interval of length 2 consists of exactly four elements .
 A finite lattice  5  is a  combinatorial d - manifold  if :
 (i)  5  is openly connected ;
 (ii)  5  has length  d  1  2 ;
 (iii)  5  has the diamond property .
 It is easy to see that a combinatorial manifold is atomic and has the Jordan –
 Dedekind chain property (that is , it is JD) . So , we may assume it has a rank function  r .
 With the next definition we repeat some structure-preserving properties of the zero
 map , as mentioned in Proposition 1 .
 D EFINITION 4 .  If  3  is a poset and  a  ,  b  P  3 , then  b co y  ers a  if , for all  c  P  3 , we
 have  a  <  c  <  b  only if  a  5  c  or  b  5  c .  We denote this by  a  A  b  or  b  S  a .
 If  3  und  5  are JD lattices of finite length and  r ( ∂ 3 )  5  r ( ∂ 5 )  1  1 ,  then an  antitonism
 is a map  w :  3 \ h ∂ 3 j  5  5  satisfying :
 (i)  a  A  b  P  3  and  b  ?  ∂ 3  é  w ( a )  S  w ( b ) ;
 (ii)  a ,  b  P  3  and  a  ∨  b  ?  ∂ 3  é  w ( a  ∨  b )  5  w ( a )  ∧  w ( b ) .
 R EMARK 1 .  The structure-preserving properties of the zero map as presented in
 Definition 4 also occur in a ‘pure unoriented’ context ; namely , within the notion of an
 adjoint of a geometry (see [6] or , for example , [1]) .
 The following definition describes the oriented structure of one- and two-
 dimensional intervals of (orientable) geometric lattices (cf . 4 . 1 . 14 and 4 . 1 . 17 cases
 Y  5  1 ˆ  in [4]) .
 D EFINITION 5 .  Let  3  be a combinatorial  d -manifold and let  L  be a geometric lattice
 of rank  d  1  1 .  An  antitonic folding  w  is a surjective antitonism  w  :  3 \ h ∂ 3 j  5  L  satisfying :
 (i)  The  folding property .  If [ x ,  y ]  Ô  L  is an interval of length 1 and  b  P  w 2 1 (  y ) ,  then
 there are exactly two elements  a ,  a 9  P  3  in the preimage of  x  covering  b . In this
 situation we call the triple ( a ,  b ,  a 9 ) a  fold  and  a 9 is the  folding partner  of  a abo y  e b .
 (ii)  Local flatness .  If [ x ,  y ]  Ô  L  is an interval of length 2 and  b  P  w 2 1 (  y ) ,  then the
 Hasse diagram of the set  h a  P  3  3  a  .  b  and  w ( a )  >  x j ,  which we call the  open star of b
 beneath x ,  is connected .
 In geometric terms the two properties can be stated as follows . First , if we have two
 flats , one of them being a subspace of the other of codimension 1 , then we can enter
 the next higher dimension ‘to the left or to the right’ . The second property implies that
 the preimage of an interval of two flats of codimension 2 is the poset of a complex
 induced by lines meeting in one point in the plane . Thus , it encodes a flatness of
 1-dimensional intervals .
 L EMMA 1 .  Let  ( L ,  3 ,  w )  be an antitonic folding and let  [ x ,  y ]  Ô  L be an inter y  al of
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 F IGURE 1 .  Six circles on the torus .
 length  2 . Furthermore , let g  P  3  such that  w ( g )  5  y . Then the open star of g beneath x is
 a cycle of length  0  mod  4 .
 P ROOF .  By definition , the rank function of  3  can take only two values on the
 elements of the open star  C .  One of these values is taken by the vertices of  C  consisting
 of the preimages of in-between elements  x  ,  z  ,  y .  Due to the folding property there
 is an even number of these preimages and each one forms a fold with its neighbours in
 C .  On the other hand , we have preimages of  x  which do have exactly two neighbours
 due to the diamond property . So , the open star is a two-regular , connected , bipartite
 graph where one color class is even .  h
 In the following , we give an example for an antitonic folding which is not the zero
 map of an oriented matroid .
 E XAMPLE 1 .  Consider the cell complex , which is induced by the 6 circles
 h a ,  b ,  c ,  d ,  e ,  f  j  in Figure 1 on the torus . The partial order on the cells defines a lattice
 3 .  The system of the circles has the matroid structure  L  of a four-point line  h c ,  d ,  e ,  f  j
 meeting a three-point line  h a ,  b ,  e j  in the plane . This gives rise to an antitonic folding
 w :  3  5  L .  But  3  cannot be the lattice of an oriented matroid , since the corresponding
 complex is not homotopy equivalent to a sphere (cf . [4 , 4 . 3 . 9]) .
 Thus , we need an additional property . An axiom involving only the 1-skeleton of our
 lattice will not suf fice . To see this , note that the graph depicted in Figure 1 has a planar
 embedding where the shaded faces are each split into two . The same way , if we
 consider a rank-3-oriented matroid—which has a topological representation as a planar
 graph (cf . [4 , 6 . 1])—and a vertex of high degree in its graphical representation , in most
 cases we can pair four faces adjacent to this vertex in the planar graph , such that an
 embedding on the torus , in which these faces are identified , is still a manifold . Since the
 zero map in both cases maps all faces of the planar graph and of the embedding on the
 torus to the empty space , we canonically obtain an antitonic folding . Now , the
 1-skeletons of these complexes are the same , whereas only one of them is the complex
 of an oriented matroid .
 If  L  is a geometric lattice , we denote by  E  the set of its atoms . In the following , we
 will frequently consider the elements of  L  as subsets of  E  enabling us to work with
 both the lattice-theoretical and the set-theoretical operators : for example , the union of
 x ,  y  P  L  is the set  h e  P  E  3  e  <  x  or  e  <  y j .  We hope that the meaning is clear from the
 context .
 D EFINITION 6 .  We say an antitonic folding ( L ,  3 ,  w ) is  symmetric  if , for all folds
 a ,  0 3  ,  a 9  and any path  a  5  a 0  ,  a 1  ,  .  .  .  ,  a n  5  a 9 in  3 \ h ∂ 3 j , we have  ! n i 5 1  w ( a i )  5  E .
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 F IGURE 2 .  The situation in the proof of Lemma 2 .
 This means that walking from one atom to its (antipodal) folding partner we have to
 ‘cross’ all atoms of  L  (cf . [4 , 5 . 1 . 3 (A2)]) . This property carries over to higher-
 dimensional folds .
 L EMMA 2 .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding and a ,  b ,  a 9  a fold in  3 .
 Then any path a  5  a 0  ,  a 1  ,  .  .  .  ,  a n  5  a 9  in  3 \ h ∂ 3 j  from a to a 9  satisfies :  ! n i 5 1  w ( a i )  Ò  w ( b ) .
 P ROOF .  This is done by induction on  r ( b ) .  The case  r ( b )  5  0 is clear by definition .
 So let  r ( b )  .  0 .  Suppose there was a path  W 0 with vertices  a  5  a 0  ,  a 1  ,  .  .  .  ,  a n  5  a 9 and
 an  e  P  w ( b ) \ ! n i 5 1  w ( a i ) .  Let  b  S  c  P  3 . Due to the diamond property there is exactly
 one element  b ˜   dif ferent from  a ,  b ,  c  in [ c ,  a ] (see Figure 2) . For  b  ∨  b ˜  5  a  we must have
 w ( b ˜  )  ?  w ( b ) .  Let  b ˜  9 denote the folding partner of  b ˜   above  c  and  C  the open star of  c
 beneath  w ( a ) . Since  w ( b )  5  w ( a )  ∨  e ,  due to the folding property ,  b  and its folding
 partner  b 9 are the only elements above  c  covered by a preimage of  w ( a ) and the
 images of which contain  e . Furthermore , since  C  is a cycle it consists of two paths from
 b ˜   to  b ˜  9 , say  W 1 and  W 2 . We may assume that  W 1  5  b ˜  ,  a ,  b ,  a 9  ?  ?  ?  b n  5  b ˜  9 . Due to the
 inductive assumption  b 9 now must be an element of  W 2 . Replacing the fold  a ,  b ,  a 9 on
 W 1  by the path  W 0 we obtain a sequence that at least contains a path  b ˜  5  s 0  ,  .  .  .  ,  s p  5  b ˜  9
 with  e  P  w ( c ) \ ! p i 5 1  w ( s i ) ,  contradicting the inductive assumption .  h
 4 .  M INORS OF S YMMETRIC A NTITONIC F OLDINGS
 There are two natural ways to define minors of antitonic foldings , one corresponding
 to ideals , and the other to filters of  L .  The first minor arises if we delete the
 complement of the set of hyperplanes containing a specific cell in  3 .
 L EMMA 3 .  Let  w  5  ( L ,  3 ,  w )  be a  ( symmetric )  antitonic folding , u  P  3 . Then the
 L -projection onto  w ( u ) :  ([0 L  ,  w ( u )] ,  [ u ,  ∂ pi  ] ,  w u [ u , ∂ 3 ) )  is a  ( symmetric )  antitonic folding
 again .
 P ROOF .  Obviously , intervals of combinatorial manifolds are combinatorial man-
 ifolds again . The properties of Definition 4 and 5 carry over to the  L -projection and if
 ( L ,  3 ,  w )  was symmetric , so is the projection due to Lemma 2 .  h
 The second minor corresponds to arrangements induced on lower-dimensional flats .
 L EMMA 4 .  Let  w  5  ( L ,  3 ,  w )  be a  ( symmetric )  antitonic folding and let g  P  L . Then
 Q  : 5  w 2 1 ([ g ,  ∂ L ])— if we add an  ∂ Q — is a lattice again . Now , the  3 -projection onto
 g :  ([ g ,  ∂ L ] ,  w 2 1 ([ g ,  ∂ l ])  <  ∂ Q  ,  w 9 ) with  w 9  5  w u w 2 1 ([ g , ∂ L ])  is a  ( symmetric )  antitonic folding
 again .
 P ROOF .  Since  w 2 1 ([ g ,  ∂ L ]) is an ideal of a lattice , the first statement is obvious . The
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 axioms of Definition 4 – 6 are fulfilled due to their locality . To see that our lattice is a
 manifold , first note that the diamond property in  ∂ Q  is a consequence of the folding
 property in the elements that are covered by the preimages of  g . So , it suf fices to prove
 that each open interval  I  5  ( w ,  ∂ Q ) in  Q  : 5  w 2 1 ([ g ,  ∂ L ])  <  ∂ Q  is openly connected . We
 may assume that  r ( w )  >  r ( g )  2  2 .  The claim follows , if we can find a path in  I  between
 any two elements  u ,  y  S  w .  We are going to prove this by induction on  n  5
 r ( w ( u ))  2  r ( w ( u )  ∧  w ( y  )) .
 If  n  5  0 , then ( u ,  w ,  y  ) is a fold , there is an  x  P  L  covering  w ( u )  5  w ( y  ) and the
 claim is clear from local flatness , as it is in the case  n  5  1 .
 If  n  .  1 , due to the basis exchange axiom of the matroid on the set of atoms in  w ( w ) ,
 there is a  y  A  w ( w ) such that  y  ∧  w ( u )  A  w ( u ) and  r (  y  ∧  w ( y  ))  5  r ( w ( u )  ∧  w ( y  ))  1  1 .  Let
 u 9  S  w  be an element of the preimage of  y .  Due to inductive assumption , there are
 paths in  I  from  u  to  u 9 and from  u 9 to  y  . Concatenating these paths completes the
 proof .  h
 5 .  S IGNED V ECTORS
 In this section we will define a signed vector for each element of our poset  3  and
 prove that they all together form the set of covectors of an oriented matroid . We will
 see that the zero map of this oriented matroid is our given folding again .
 To define the sign of an element in a co-ordinate  e  P  E , we prove the following
 lemma . The underlying geometric idea is rather simple . Atoms of  L  shall correspond to
 hyperplanes and hence separate the space . Thus , if we delete all cells contained in one
 specific hyperplane , the outcome should consist of two connected components .
 L EMMA 5 .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding and let h  P  L be coatomic .
 Let e  P  L and a  P  3  be atoms such that e  <  h and e  < u  w ( a ) . Since  w 2 1 ( ∂ L )  5  h 0 3 j , there
 are exactly two elements in the preimage of h , say b and b 9 . Now consider the graph
 Z ( e )  : 5  3  \  ( w 2 1 ([ e ,  ∂ L ])  <  h ∂ 3 j ) . Then Z ( e )  is not connected and exactly one of b and b 9
 is in the same component of the graph as is a .
 P ROOF .  The symmetry of the folding immediately implies that  Z ( e ) is not con-
 nected . The rest of the lemma will be proved by induction on  n  5  r ( L )  2  r ( w ( a )  ∧  h ) .
 ( n  5  1) .  Here  w ( a )  5  h  and hence  a  P  h b ,  b 9 j .
 n  5  n  1  1 .  Let  r ( L )  2  r ( w ( a )  ∧  h )  5  n  1  1 .  Let  A  denote a basis of  w ( a )  ∧  h .  We
 extend this to bases  B ˆ  1  ,  B ˆ  2 of  w ( a ) and  h , respectively . Then  B i  : 5  B ˆ  1  <  e  is a basis of
 the matroid  M ( L ) on the set of atoms of  L  for  i  5  1 ,  2 .  let  c  P  B 1 \ B 2 . Due to the basis
 exchange property of  M ( L ) , there is a  d  P  B 2 \ B 1 such that  B 3  : 5  B 1  <  h d j \ h c j  is a basis
 of  M ( L ) again . Let  g  denote the supremum (matroidal closure) of  B 3 \ h e j .  Then  ∂ L
 covers  g  and since  u B 3  >  B 1 \ e u  5  u B 1 u  2  2 , we have  r ( g  ∧  w ( a ))  5  r ( ∂ L )  2  2 and  r ( g  ∧  h )  5
 r ( w ( a )  ∧  h )  1  1 .  By Lemma 1 , the open star of 0 3  beneath  g  ∧  w ( a ) is an even cycle  C
 and  a  is one of its vertices . Due to symmetry  C  >  Z ( e ) consists of two components ,
 each of them containing an element of the preimage of  g . Let  a 9 denote this element in
 the  a -component of  C .  Due to inductive assumption , exactly one element of the
 preimage of  h  lies in the same component of  Z  as  a 9 .  h
 T HEOREM 1 .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding and let e  P  L be atomic .
 Then the graph Z ( e )  : 5  3  \  ( w 2 1 ([ e ,  ∂ L ])  <  h ∂ 3 j )  has exactly two components .
 P ROOF .  Let  h  P  L  be coatomic such that  e  < u  h .  The preimages  b  and  b 9 of  h  belong
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 to dif ferent components of  Z ( e ) .  Let  x  be an arbitrary vertex in  Z ( e ) .  Since  3  is atomic
 and  w  is antitonic , there must be an atom  a  <  x  with  w ( a )  > u  e .  A maximal chain from  a
 to  x  is a path in  Z ( e ) ,  and Lemma 5 implies that  x  is either in the  b - or  b 9 -component
 of  Z ( e ) . The claim follows .  h
 Theorem 1 enables us to assign co-ordinates relative to the set  E  to each element of
 3 .  In this way , we obtain a set of signed vectors .
 D EFINITION 7 .  Let ( L ,  3 ,  w ) be an antitonic folding and let  E  denote the set of
 atoms of  L .  We assign signed vectors to all elements of  3  as follows .
 Fix  t  P  w 2 1 (0 l ) .  Then  t  is a vertex of all graphs  Z ( e ) , e  P  E .  For all  x  P  3 ,  we define
 the signed vector  X  :  E  5  h 1 ,  2 ,  0 j  by :
 X e  : 5  X  ( e )  : 5 5  0 1
 2
 if  e  P  w ( x ) ,
 if  x  is  in  the  t -component  of  Z ( e ) ,
 else .
 The assignment derived from a fixed  t  P  w 2 1 (0 L ) is an  orientation of  3 .
 Given an orientation , we will denote elements of  3  by lower-case letters and their
 signed vectors by the corresponding capital letters .
 Of course , we will obtain dif ferent orientations from dif ferent elements of  w 2 1 (0 L ) .
 But since two vectors do have the same sign in the co-ordinate  e  if f they lie in the same
 component of the graph  Z ( e ) ,  these orientations can be transferred into one another
 by interchanging ‘ 1 ’ and ‘ 2 ’ on some set  A  Ô  E .  In fact , we obtain all acyclic
 reorientations of the corresponding oriented matroid (cf . [4 , 3 . 2 . 3]) .
 In the following , we will prove that our orientation is compatible with our notion of
 minors . The only problem that we have to deal with in order to do this is that the
 contraction of a simple (oriented) matroid in general is not simple . It is not too hard to
 overcome this dif ficulty , but some definitions are required .
 D EFINITION 8 .  Let ( L ,  3 ,  w ) be a symmetric antitonic folding . Let  a ,  b  P  3  and
 g  P  L .  We call  a ,  b  ( anti -) parallel on g ,  if for some orientation the corresponding signed
 vectors  A  and  B  agree in sign (have opposite signs) on the atoms of  g .
 Note that if  A  and  B  agree in sign (have opposite signs) on the atoms of  G  for some
 orientation , then in fact they do (have) for all orientations .
 In one direction it is easy to see that the conformal relation (see Definition 1) of the
 signed vectors derived from our lattice is compatible with the order of the lattice .
 L EMMA 6 .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding and a ,  b  P  3  with
 corresponding signed  y  ectors A ,  B . Then a  <  b  é  A  d  B .
 Next , we are going to examine how the signed vectors behave with respect to minors .
 There is nothing interesting going on , when we consider the  L -projection : we just have
 to ‘forget’ about some zeros . Thus , we will only examine  3 -projections . Since the
 operations leading to minors are associative , it suf fices to examine projections onto
 atoms .
 L EMMA 7 ( Parallelity Lemma ) .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding and
 e  P  L atomic . Let e  A  g  P  L and a ,  b  P  3  such that e  <  w ( a ) ,  w ( b )  and g  < u  w ( a ) ,  w ( b ) .
 Then a ,  b are parallel or antiparallel on g .
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 P ROOF .  Assume that the claim was false . Then there exist  a ,  b  P  3  and  f ,  f  9  P  L
 atomic ,  f ,  f  9  <  g ,  and  f ,  f  9  ?  e  such that  A  and  B  have the same sign on  f  but dif fer on
 f  9 . Thus there exists a path  W f  from  a  to  b  not using any element of  w 2 1 ([  f ,  ∂ L ]) .
 Furthermore ,  a  and  b  are in dif ferent components of the graph  Z (  f  9 ) .
 First , we consider the case there is a  d  P  3 , such that  a ,  d ,  b  form a fold . The
 existence of  W f  and Lemma 2 imply that  w ( d )  > u  f .  On the other hand ,  a ,  d ,  b  is not a
 path in  Z f 9 and hence  w ( d )  P  [  f  9 ,  ∂ L ] ,  implying  w ( d )  >  e  ∨  f  9  5  g  >  f  , a contradiction .
 This also shows that  a  and  b  are antiparallel if  w ( d )  >  g  and parallel if  f ,  f  9  < u  w ( d ) .
 Now let  a  and  b  be arbitrary and  c ,  d ,  c 9 be a fold with  w ( c )  5  e  and  w ( d )  5  g .  By the
 above ,  c  and  c 9 are antiparallel on  g . Thus , we may assume w . l . o . g . that  C f  5  A f  ,  C f 9  5
 A f 9  , C f  5  B f  and  C f 9  5  2 B f 9 . By Lemma 4 and Theorem 1 , the graph  w 2 1 ([ e ,  ∂ L ]) \
 w 2 1 ([ g ,  ∂ L ])  consists of two components . Furthermore , we have  w 2 1 ([ e ,  ∂ L ]) \
 w 2 1 ([ g ,  ∂ L ])  5  w 2 1 ([ e ,  ∂ L ]) \ w 2 1 ([  f ,  ∂ L ])  5  w 2 1 ([ e ,  ∂ L ]) \ w 2 1 ([  f  9 ,  ∂ L ]) .  Hence ,  C f 9  5  2 B f 9
 implies that  c  and  b  cannot be in the same component of that graph ; neither can  b  and
 c 9  nor  c  and  c 9 for  C 9 f  5  2 B f  5  2 C f  , a contradiction .  h
 Lemma 7 says that there are only two dif ferent non-zero sign patterns on the ‘lines’
 of  3  corresponding to atoms of a  3 -projection onto an atom . Hence we can read an
 orientation of the projection from the original one . By induction , this implies the
 following theorem .
 T HEOREM 2 .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding and g  P  L . Then any
 orientation of  3  induces an orientation of the  3 - projection onto g . On the other hand ,
 any orientation of the projection can be extended to one of  3 , in a way such that this
 orientation induces the original one .
 To verify the third of the oreinted matroid axioms , we have to prove tht the set of
 vectors which agree in the sign pattern on a subset of  E  correspond to a connected set
 of the Hasse diagram of our poset . This will be proved inductively . The following
 lemma encodes the induction step . Although it looks rather ugly and technical it has a
 very simple meaning—and an almost trivial proof . The geometric idea is that after
 having applied the third oriented matroid axiom to a minor we can slightly perturb
 the solution out of the flat of the minor into one open half-space (see Figure 3) .
 L EMMA 8 (Lifting Lemma) .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding . Let e  P  L
 be atomic and let V  5  p 0  ,  .  .  .  ,  p 2 k be a path in the Hasse diagram of  3  such that
 w (  pi )  5  e  if  i  e y  en ,
 and
 w (  p i )  S  e  if  i  odd .
 Then there are two paths W  l 1 ,  .  .  .  ,  W
 l
 k and W
 r
 1 ,  .  .  .  ,  W
 r
 k in  3 , where W
 l
 i  5  q i , 0  ,  .  .  .  ,  q i , 2 d i  ,
 W r i  5  q˜ i , 0  ,  .  .  .  ,  q˜ i ,qd i are subpaths in the Hasse diagram with :
 (i)  q i , 0  S  p 2 i 2 2  and q ˜  i , 0  S  p 2 i 2 2  , for i  5  1 ,  .  .  .  ,  k ;
q1, 0
e
p0
q1, 2 q1, 4
p2 p4
q1, 6 = q2, 0
 F IGURE 3 .  The situation in Lemma 8 .
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 (ii)  q i , 2 d i  5  q i 1 1 , 0  and q ˜  i , 2 d i  5  q˜  i 1 1 , 0 , for i  5  1 ,  .  .  .  ,  k  2  1 ;
 (iii)  q k , 2 d k  S  p 2 k and q ˜  k , 2 d k  S  p 2 k  , for k  >  0 ;
 (iv)  q i , j  S  p 2 i 2 1  and q ˜  i , j  S  p 2 i 2 1  , for j odd and i  5  1 ,  .  .  .  ,  k ;
 (v)  e  < u  w ( q i , j ) , e  < u  w ( q˜ i , j ) , for all i ,  j .
 P ROOF .  The proof is by induction on  k .  The claim is empty if  k  5  0 .
 k  >  1 .  Consider the subpath  V ˜  5  p 0  , p 1  , p 2 of  V .  The open star of  p 1 beneath 0 L  is an
 even cycle  C  due to Lemma 1 . Hence  C  \ h  p 0  ,  p 2 j  consists of two paths  W l 1  ,  W r 1 ,  meeting
 our claim for  V ˜  .  Now , by the inductive assumption there are two paths consisting of
 subpaths  W l 2  ,  .  .  .  ,  W
 l
 k  and  W
 r
 2  ,  .  .  .  ,  W
 r
 k  ,  lifting the path from  p 2 to  p 2 k  .  A proper
 concatenation of these with  W l 1 resp .  W  r 1 has the required properties .  h
 The Lifting Lemma enables us to find a path between any two copoints of our lattice
 that does not cross any element separating them .
 Note that the lift of a path from the point of view of the corresponding signed
 vectors has changed one constant zero component to a constant non-zero component
 and , furthermore , instead of changing signs on a line of the corresponding matroid all
 at once , it crosses the points on this line one by one .
 T HEOREM 3 .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding gi y  en with an
 orientation . Let t 1  ,  t 2  P  w
 2 1 (0 L )  with corresponding signed  y  ectors T 1  ,  T 2 . Let Y be the
 subgraph of  3  induced by the  y  ertex set  w 2 1 (sep( T 1  ,  T 2 )  <  0 l ) ( here , indeed , we only
 consider preimages of atoms and the  0 L ) . Then t 1  and t 2  belong to the same component
 of Y .
 P ROOF .  We proceed by induction on  n  5  r ( L ) .
 n  5  1 .  Either  t 1 equals  t 2 or  Y  5  3 \ h ∂ 3 j .  In both cases ,  Y  is connected .
 n  5  n  1  1 .  Let  r ( L )  5  n  1  1  >  2 .  Assume that the elements  t 1 and  t 2 form a
 counterexample . Since  3  is openly connected , there is a path  W  with vertices
 t 1  5  p 0  ,  .  .  .  ,  p k  5  t 2  such that  r (  p i )  <  1 .  Assume that this path uses as few elements not
 in sep( T 1  ,  T 2 ) as possible and let one of those be  e  P  L . Each time we ‘cross’  e  we must
 change the sign on  e , since  w  is symmetric . (Note that each subsequence  t ,  b ,  t 9 of the
 path with  w ( t )  5  0 L  is a fold . ) Since  T 1 and  T 2 agree in sign on  e , we have to cross  e  at
 least twice . Assume that we do this for the first time in  a ,  b ,  a 9 and for the last time in
 c 9 ,  d ,  c .  Due to the inductive assumption there is a path  W 0 from  b  to  d  only crossing
 atoms of the filter [ e ,  ∂ L ] separating  B  and  D  in the  3 -projection onto  e . Due to
 Lemma 8 , there are two paths lifting  W 0 . One of them must start in  a  and end in  c ,
 since these paths do not cross  e . Now , replacing the subpath of  W  from  a  to  c  by  W 0 , we
 obtain a path from  t 1 to  t 2 with the required properties , but using fewer non-separating
 elements than  W  (see Theorem 2) , contradicting our minimality assumption .  h
 C OROLLARY 1 .  Let a ,  b  P  3  with corresponding signed  y  ectors A and B . Then
 A  5  B  é  a  5  b .
 P ROOF .  The definition of the signed vectors gives  A  5  B  é  w ( a )  5  w ( b )  5 :  g . Let
 A ˜  ,  B ˜   denote the signed vectors of  a  and  b  in the  3 -projection onto  g . Theorem 2
 implies that  A ˜  5  B ˜  . Thus , by Theorem 3 ,  a  and  b  are in the same component of the
 subgraph of  w 2 1 ([ g ,  ∂ L ]) induced by the vertex set  w 2 1 (0 L ) which consists of isolated
 points . Hence , we must have  a  5  b .  h
 Now , we are ready to prove as our main theorem that symmetric antitonic foldings
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 yield a characterization of the face lattices of simple oriented matroids . First , we prove
 that a symmetric antitonic folding gives rise to an oriented matroid and , finally , we
 verify that its zero map is the antitonic folding from which we started .
 T HEOREM 4 .  Let  ( L ,  3 ,  w )  be a symmetric antitonic folding gi y  en with an orientation .
 Then the set  2  of signed  y  ectors is an oriented matroid .
 P ROOF .  We will prove that the set of signed vectors fulfills the cocircuit axioms of
 oriented matroid theory , so we must verify that :
 (1)  0  P  2  and ( X  P  2  é  2 X  P  2 ) .
 (2)  ; X ,  Y  P  2 :  X  +  Y  P  2 .
 (3)  ; X , Y  P  2  ; e  P  sep( X ,  Y )  ' Z  P  2 :  ( Z e  5  0 and  ; g  ¸  sep( X ,  Y ) :  Z g  5  ( X  +  Y ) g ) .
 (1)  The signed vector for 0 3  is 0 . We proceed by induction on the rank of the
 elements . Let  X  be a signed vector for  x  P  3  and  x  S  y  P  3 .  Due to the inductive
 assumption there is a  y 9  P  3 , with signed vector  Y 9  5  2 Y .  Let  Z  and  Z 9 be the
 preimages of  w ( x ) covering  Y 9 . In the  L -projection onto  w (  y ) , x  is atomic and hence
 there  2 X  P  h Z ,  2 Z j .  Thus , the claim follows from Theorem 2 .
 (2)  Let  x ,  y  be elements of  3  with corresponding signed vectors  X ,  Y .  We proceed
 by induction on  r ( L ) :
 (i)  r ( L )  P  h 0 ,  1 j .  This is trivial .
 (ii)  r ( L )  .  1 .  By the inductive assumption we may assume that  w (  y )  ∧  w ( x )  5  0 L .  If
 w ( x )  5  0 L  the claim holds trivially and if  r ( w ( x ))  5  1 ,  then  X  has only one zero
 co-ordinate which is filled by the covers of  x  with ‘ 1 ’ and ‘ 2 ’ . Thus we can select the
 right one . Now , let  r ( w ( x ))  >  2 .  We may assume that  w (  y )  5  0 L  (if not , we replace  y  by
 an element  y 9  >  y  ; see Lemma 6) . Let  t  >  x  with  w ( t )  5  0 L .  If its corresponding signed
 vector fulfills  T  5  X  +  Y ,  we are done . Else , select a path  y  5  p 0  ,  .  .  .  ,  p k  5  t  in  3 \ h ∂ 3 j
 such that  ; i :  r (  p i )  <  1 .  (This path exists due to open connectivity of  3 . ) Let  l  be the
 least index satisfying 0 L  A  w (  p l )  <  w ( x ) . So , the path from  y  5  p 0 to  p l  cannot cross any
 element of  w ( x ) and hence sep( P l  ,  Y )  >  w ( x )  5  [ .  Now , by the inductive assumption
 X  +  P l  does exist in the  3 -projection onto  w (  p l ) .  But the corresponding element in  3
 has only one zero entry and so there also exists ( X  +  P l )  +  Y . Since sep( P l  ,  Y )  >  w ( x )  5
 [ , this vector equals  X  +  Y .
 (3)  Let  x ,  y  P  3  with corresponding signed vectors  X ,  Y  and  e  P  sep( X ,  Y ) .  We may
 assume—by considering an appropriate minor—that  x  ∧  y  5  0 L .  Let  t 1  ,  t 2  P  w
 2 1 (0 L )
 such that  T 1  5  X  +  Y  and  T 2  5  Y  +  X .  Let  Y  be the graph of Theorem 3 . Now on any path
 from  T 1 to  T 2 in this graph , due to symmetry , there is a vertex  z  with  w ( z )  5  e .
 Obviously ,  Z  is an approximation of  X  and  Y  on  e .  h
 T HEOREM 5 .  There is a  1 – 1  correspondence between reorientation classes of simple
 oriented matroids  ( cf .  [4 ,  1 . 2( c )])  and symmetric antitonic foldings .
 P ROOF .  We have already observed in Section 3 that given an oriented matroid  2  its
 zero map defines a symmetric antitonic folding . From Definition 7 it is immediate that
 the zero map of the oriented matroid maps any constructed signed vector to the same
 element of the same geometric lattice as the given map  w  maps the corresponding
 element of  3 .  Hence , we have two antitonic foldings ( L ,  3 ,  w ) and ( L ,  2 ,  w ˜  ) and a
 bijection (Corollary 1) between  3  and  2  commutating with  w  and  w˜  . We are left to
 prove that the two lattices  3  and  2  are isomorphic with respect to this correspondence .
 By Lemma 6 , the order relations of  2  form a superset of the order relations of  3 .
 To see that this superset is not proper , consider  a ,  b  P  3  such that  A  a ?  B .  The
 folding property implies that exactly two elements  b ˜  ,  b ˜  9 in  w 2 1 ( w ( b )) cover  a . By
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 Lemma 6 , their corresponding signed vectors cover  A .  Since  A  has only two covers
 B ˜  ,  B ˜  9  such that  w ˜  ( B ˜  )  5  w ˜  ( B ˜  9 )  5  w ( b ) ,  one of them must be  B , implying  b  P  h b ˜  ,  b ˜  9 j
 and hence  a  A  b .  h
 6 .  C OMPLEXITY
 The proposed characterization of the zero map is good in the sense that it can be
 checked in polynomial time whether a given map  w :  3  5  L  from one poset to another
 is an antitonic folding and hence the zero map of an oriented matroid . To verify this
 one only has to follow the definitions step by step to see that each property can be
 checked in  O ( u 3 u 4 ) in the worst case .
 Given a combinatorial manifold  3  it is also possible to construct a geometric lattice
 and a map  w :  3  5  L  in polynomial time (in the size of  3 ) or prove that  3  cannot be the
 face lattice of an oriented matroid . This can be done , for example , as follows :
 (1)  Let  V  be the set of all  y  P  3  such that  r ( y  )  5  r ( 3 )  2  2 . Construct a graph
 G  5  ( V ,  A )  with the following set of edges . For all elements  p  of rank  r ( 3 )  2  3 ,
 consider the open interval (  p ,  ∂ 3 ) .  If this is not a cycle of length 0  mod  4 , return ‘ 3  is
 not an oriented matroid’ and  p ; else add an edge between each pair of vertices  y  ,  y  9 at
 maximum distance in this cycle .
 (2)  Let  n  be the number of connectivity components of  G  and set  E  5  h 1 ,  .  .  .  ,  n j .  Let
 the components of  G  be numbered ,  L  : 5  E  <  h [ j  and store the covering relation of
 each element of  E  to the empty set .
 (3)  Map all elements of rank  r ( 3 )  2  1 to the empty set and each element of rank
 r ( 3 )  2  2  to the number of its component .
 (4)  Iteratively for  k  5  3 ,  .  .  .  ,  r ( 3 ) , map all elements  p  P  3  of rank  r (  p )  5  r ( 3 )  2  k  to
 w (  p )  : 5  ! q S p  w ( q ) ,  add  w (  p ) and the covering relation to  L .
 (5)  Check whether  L  is a geometric lattice .
 The number of steps performed during this procedure obviously is polynomial in the
 size of the data . We are left to verify that for the face lattice  3  of an oriented matroid
 the constructed map is its zero map .
 The local flatness , together with the following property of the zero map , implies that
 the open star of any element of rank  r ( 3 )  2  3 under the 0 L  is a cycle of length 0  mod  4 .
 The zero map of an oriented matroid maps all coatoms of the face lattice to the empty
 set . The folding property together with the symmetry implies that exactly the vertices
 at maximum distance must be mapped to the same atom of  L .  Thus , the steps we took
 in (1) , (2) and (3) are correct . The first property of an antitonism implies that (4) also
 works correctly and hence the whole procedure , in the case of  3  being an oriented
 matroid , in fact constructs the zero map .
 7 .  C ONCLUDING R EMARKS
 In this paper we have proved that an openly connected lattice with the diamond
 property is an oriented matroid poset if there is an order-inverting , cover-preserving
 map onto a geometric lattice  L  such that :
 (i)  the preimages of all one- and two-dimensional intervals of  L  consist of disjoint
 copies of zero- resp . one-dimensional oriented matroid posets ; and
 (ii)  the two preimages of each hyperplane  h  of  L  are separated by the preimage of
 each interval [ e ,  ∂ L ] whenever  e  is an atom of  L  and  e  < u  h .
 This characterization yields some structural understanding as to how a matroid can
 be oriented . It subdivides the properties of the zero map into an antipodality for the
 vertices of the oriented matroid and local conditions for the one- and two-dimensional
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 minors . It is good in the sense that it yields a procedure to recognize face lattices of
 oriented matroids in polynomial time . But , of course , the input is exponentially large in
 the number of hyperplanes if we do not fix the dimension . Thus , the direct approach to
 recognizing an oriented matroid face lattice by reconstructing the signed vectors (see
 [4 , 4 . 2 . 14]) and checking the axioms also yields a polynomial time procedure .
 In a forthcoming paper [11] , we will prove that our characterization can furthermore
 be used to derive one direction of the Topological Representation Theorem of
 Oriented Matroids (see [4 , 5 . 2 . 1]) , without using the Ball Axiom , and with hyper-
 spheres that are not explicitly required to be flat (see also [10]) .
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